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Abstract

Signal transduction is the process by which a cell converts one kind

of signal or stimulus into another. In this process, G-protein coupled

receptors (GPCRs) are considered a major class of membrane protein

receptors. GPCRs play a critical role in signal transduction, and they are

important pharmacological drug targets. Motivated by some specific

experimental data, we construct a mathematical model to investigate a

signaling system of interest. The model is composed of mass-action

ordinary differential equations that describe ligand-receptor and receptor-

G-protein interactions. Because the kinetic reaction rates in the signaling

processes previously gathered in reliable in vivo and in vitro experiments

are limited to a small number of known values, we apply a genetic
algorithm (GA) to estimate the parameter values in our model. In order to
carry out the parameter estimation, we use the Augmented Lagrangian
Genetic Algorithm (ALGA) with help from the mathematical theorem of
infinite norm. This method ensures a faster parameter estimation speed in

the modeled system. In addition, mathematical analyses are also

performed. Some good agreement between analytic, numerical and

experimental data was found. The simulation results of the model are

extensively discussed and compared with the experimental data.
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1. Introduction

Signal transduction is the process of converting external signals to a specific
internal cellular response whose mechanisms consist of signaling elements which are
organized in multi-protein complexes (such as hormones, growth factors and
neurotransmitters) through protein-protein interactions [1-5]. In other words,
signaling pathways span from the molecular level to their phenotypic and
pathological effects. How the mechanism of signal transduction works is perhaps the
most critical question surrounding our understanding of each physiological process.
To uncover this mechanism, we use mathematical modeling in our work as a
supplementary method to the experimental approach.

Typically, signal transduction consists of three processes: reception, transduction
and response. It has been shown that G-protein coupled receptors (GPCRs) play an
important role in transmembrane signal transduction. GPCRs represent the largest
receptor family and are involved in the control of every aspect in pathological
processes [6-8]. These receptors recognize extracellular signals to intracellular
trimeric GTP-binding proteins, known as “G-proteins” (guanine nucleotide binding
proteins), which in turn alter the activity of the enzymes or proteins involved in
second messenger generation. How GPCRs operate is a fundamental question in the
field of transmembrane signal transduction. To briefly demonstrate GPCR-based
signal transduction, Figure 1 shows the mechanism of G-protein activation. The
inactive form of the G-protein is heterotrimers composed of three subunits: o, p and
v [9, 10]. A molecule of guanosine diphosphate (GDP) is bound to the o subunit.
Binding of an agonist to a GPCR induces distinct conformational changes in the
receptor protein that enables GPCR to promote a GDP release from the o subunit
and a binding of the nucleotide guanosine triphosphate (GTP) at the same site. The
G-protein is then released from the receptor and dissociates into separate By and
o-GTP subunits. The a-GTP is the active form of the G-protein. The activated By
and o-GTP subunits then stimulate the generation of second messengers via
intracellular effectors, passing on the signal by altering the activities of selected
cellular proteins. In this work, we used a mathematical approach to understand
specific experimental results of GPCR-based signal transduction.

Mathematical modeling is a powerful tool for analyzing complex biological
systems [11, 12]. Recently, Modchang et al. [13] and Leelawattanachai et al. [14]
proposed mathematical models for complex signal transduction models to explain
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the dynamic trafficking and promiscuous coupling of G-protein coupled receptors.
Their models are able to successfully explain the results observed in the laboratory.
Since the biological systems that the authors wanted to explain are complex
biological systems, it is obvious that they used complex mathematical models.
Motivated by the experimental work of Yangthara et al. [15], we adopted a similar
modeling approach in order to understand better their results. Due to the less
complicated nature of in vitro results that are based on a simple biological system
(e.g., there is no dynamic trafficking and promiscuous coupling of G-protein coupled
receptors), we are faced with the question of whether a simple mathematical model
can be used to explain the system instead of a complex mathematical model, and
how accurate will be the results? To make our model more realistic, a genetic
algorithm-based optimization is applied.

A genetic algorithm (GA) is an effective stochastic global search algorithm that
is inspired by the evolutionary features of biological systems [16]. It has been
successfully applied to various problems, such as function optimizations and
parameter estimation in biochemical pathways [13, 14, 17-19]. The kinetic reaction
rates of the signaling processes in reliable in vivo and in vitro experiments are
currently limited to a small number of known values. Therefore, in the same manner
as in [13], we have applied a GA to estimate the parameter values in our model.
With the parameter values obtained by using the GA, the predictions of the model
are then compared with the experimental results in [15].

2. Model Construction

For the purpose of testing our model, we have qualitatively reproduced the
experimental results given in Figure 3 by Yangthara et al. [15]. Briefly, their
experiment was performed on the vasopressin-2 receptor (V2R) as GPCR to produce
data that reflect findings for a single well experiment. They measured the percentage

of maximal activity from initial fluorescence slopes after 1~ addition as a function
of forskolin and dDAVP concentrations in FRT-V2R and FRT-V2R-W164S cells.
This percentage is considered a percentage of cellular response to an agonist, relative
to the maximal response triggered by the same agonist. Since the experimental part
is beyond the scope of this paper, we refer to [15] for more experimental details.

Based on the aforementioned experiment, we constructed a simple model to
explain the dynamics of G-protein activation. Having realized the fact that the timing
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and amplitude of signaling in cellular signaling pathways depend on the local
concentrations and kinetics of component proteins, we formulated the deterministic
model as follows. On the cell membrane, there are inactive or resting receptors, R;
the numbers of ligand-bound receptors are denoted by Rj,, while the activated

ligand-bound receptor numbers are denoted by RA. An activated ligand-bound
receptor will bind to a G-protein, G, as shown in Figure 2. The parameters k; and

kg represent rates of ligand association with, and dissociation from, an inactive

receptor R, respectively. The ligand-bound receptors R, are reversibly converted to
an active state R with rate constants L™ and L, respectively. Ligand-bound
activated receptors R}, associate with and dissociate from the G-protein, denoted
by G, with rate constants kg and kg. The inactive form of the G-protein consists of

a, B and y subunits, with a molecule of GDP bound to the o subunit (G, ). The

interaction of this inactive G-protein with a ligand-bound activated receptor
promotes the release of GDP from the o subunit and the binding of GTP at the same
site. We have assumed that the dissociation of GDP and association of GTP happen
instantaneously, and that the activated receptor activates the G-protein at the rate
constant k,ct. Active G-proteins are returned to their inactive state upon hydrolysis
of GTP by the GTPase activity. In our model, we assume that the inactivation of the
G-protein is so fast for this time scale that it is described as a one-step process with a
rate constant k.

From the model structure in Figure 2, and based on the principles of mass action
kinetics, the system of equations can be derived as:

drR

W_ —k;ARJt‘ka—RA, (1)
dRZ + — + * i *
dt =L RA—L RA_kgGRA+kgRAG +kactRAG! (2)
dR* * — % *
dﬁt\G = kgGRa — kgRag — KactRac: 3)
dG* * *
= KactRac — kgG ', 4)

dt
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Ra = Ry —R—Ra — Rag, (5)
G =Gy - G* — Rig. (6)

In order to obtain the model equations, we assume that the total number of receptors
and G proteins on the cell membrane and the concentration of ligands, denoted by A,
remain constant.

3. Nondimensionalization
We now proceed to carry out nondimensionalization by the following rescaling:

R=RyR, G=0GyG, t=1i/kjy, A=apA,

~ + ~ + - - ~ k*
;:k_aao, |_+:L_, L—:L_’ kg+:_9G0’
Ka Ka Ka Ka

~ kg k ~ K
- 9 act d
=9 Ky =2 k=9,
g k; act k; d k;

Substitute this scaling into equations (1)-(6). Overbars will be dropped henceforth
for brevity. The nondimensionalized system of equations is then:

dr

i k3 AR + R, @)
dRZ + —* + * —p* *

dt =L RA—L RA_kgGRA+kgRAG +kactRAG’ (8)
dR}, _

d';\G = kaGRZ - kg RZG - kactRZG! )
dG* * *
gt = XactNRag — kG, (10)
Ra=1-R-Rx - Rag, (11)

G =1-G" -~ NRjg, (12)
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where N = Ry /Gg. Substituting equations (11)-(12) into equations (7)-(10) leads to:

%—Tzl—(k;A+l)R—RZ—RZG, (13)
dRZ + + - + +\p*

G =L - L'R= (L +L" +kg)Ri

+ (kg + Kact — LY )Rag + kaG*RZ + kSNRZGRZ, (14)

dR; _

i = kgRa — (kg + kact)Rag — kgG Ra — kg NRAGRA, (15)
dG*
at kactNRZG - de*- (16)

Since the binding of the G-protein to an activated receptor often leads to the
activation of the G-protein, we assume that the G-protein activation-rate constant

Kact 1s very large and the G-protein dissociation-rate constant kg is very small.
Now, let us make some approximations by letting
kay 1

~—, where ¢ << 1.
Kact Kact

It is reasonable to rescale Rag by letting Rag = eéRag; then our system of

equations becomes:

%—T:l—(k;A+l)R—RZ—aR*AG, (17)
dgt:\ =L - L'R— (L +L* +k{)RA ""(kg_ +%— L+j8RZe

+k§G"Rp + ekgNRAGRA, (18)
dF;/:\G - Ligry - (kg ; %) Ric — 1 k3G RA — ki NRAGRA, (19)
dG” _ NRig — kgG™. (20)

dt
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By assuming that € << 1, we obtain the following system of equations:

R _1-(garDR-R;, 21)
d?:U>UR4E+Um; (22)
Rac = kgRa(l=G"), (23)
dG* s« .

T = RAG - de . (24)

Substitute (23) into (24), we have

dG* * * *

4, Parameters Estimations

To do the parameter estimations, we start from equations (17)-(20). Using the

limit & — 0, with a quasi-steady state approximation for G*, we solve equations

(19) and (20) for Rag and G* and then substitute this into equations (17) and (18),

drR

let—=1—(|<a+A+1)R—Rj\, (26)
d?=U>UR4E+Um; (27)
Rac = kgRA(L-G"), (28)
« _H
G =1m (29)
kgRA . -
where H = % . Next, we transform our model equations to a system of finite
d

difference equations, gkt = AGK + b, by using the forward time scheme,
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R(i+1) _ R(i)

v —1-(kfA+1RD R,

RZ(M)‘RZ“)_ + tpl) - . ey pH)
A A= - LR - (U + LR

This can be rearranged and written it in the matrix form:

RD T 1 At(kiA+1) ~At R+ { At } )
. = 1 + )
Ry ALY - Ayl + )[RV (At
Our model equations (26)-(29) contain 5 unknown parameters (ky, L, L7,

kg and kg ), but the experimental data available from the literatures are limited to

only a few parameters [20]. So, next we use a genetic algorithm (GA) to estimate
these unknown parameters.

A genetic algorithm is an effective stochastic global search algorithm that
mimics biological evolution [16]. It is an optimization technique that was developed
by Holland and his colleagues in 1975. GA produces optimum solutions by
mimicking two biological mechanisms: natural selection and sexual reproduction.
Both natural selection and sexual reproduction allow organisms to evolve while
generations pass. In our problem, the input to the GA is a set of vectors whose
elements are the values of those 5 parameters. A fitness function is defined to be the
distance f(x) measured between experimental and predicted values of the steady

state activated G-protein concentration,

n 2
f(x) = {Zl Ypred (i) - yexp(i) |j ' (31)

i=1
where n is the number of data points for each experiment; ye,, represents the

known experimental data; and Ypeq is the predicted results of the steady state

activated G-protein concentration obtained by using the GA. The purpose of the GA
is to produce successive populations of individuals, which are generated with the
aim of decreasing the distance f(x) between the simulated data and experimental

data.
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In order to estimate the parameter values, we make use of a mathematical
theorem, Theorem 2.5.2 in [21], which states that:

If an infinity norm of A, || A|, is less than one, then the iteration scheme

gkt = AGX + b converges to the steady state equation,
i=(1-Alp, (32)

where 1 is the identity matrix and the infinity norm of matrix A is defined by
| Al =max ) |ay|
i

By using this theorem, the steady state solutions of our model equation (55) then

Thus, in generating a parameter estimation, we also impose a nonlinear constraint
| Al <1. More details regarding how we performed the parameter estimation can

be found in [13]. To save optimization time, in addition to the constraint that
| Al <1, we also imposed lower and upper bounds between 0.001-2500 on each

parameter. The GA was performed by using 25 individuals of population, and was
run up to 100 generations.

5. Results and Discussion

Numerically, we rescaled the agonist concentrations by using ag = 108Mm7L,

and for the purpose of good parameter estimation, we interpolated the experimental
data seen in Figure 3 in [15] by using their experimentally fitted curve from 7 points
to 51 points. Via MATLAB® 7.8 on a personal computer with Intel® Core 2 Duo
CPU and 2 GB of RAM, the GA was run 50 times. It took less than 5 minutes per
run.

The best fitness value from 50 runs was about 4. Examples of the numerical
solutions of the steady state activated G-protein concentration versus agonist
concentrations of 4 independent runs are shown in Figure 3, after assuming that
N = Rg/Ng =1. The obtained parameter values from 4 representative runs are
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shown in Table 1. As can be seen, good agreement between the experimental and
numerical data was found. Still, the stochastic variation associated with each
numerical curve is mainly due to the searched parameters or optimal chromosome
set. Because of this, the obvious question becomes what set of parameters should be
selected. In our presentation, for example, there are four sets to be justified. In order
to select the best parameter, some experimentally measured parameter values or
sensible estimates are crucially required. However, measurement of these parameters
is beyond the scope of this paper, thus we only bring it up as a subject to be
addressed in future research.

Figure 4 represents the time evolution of the fitness value for four representative
runs. Hence the mean fitness is an average of fitness of population in each
generation. In this case, the GA is terminated when there is no change of mean
fitness within 100 generations. In fact, the GA once again gives slightly different
results for each run because of their stochastic characteristics. After performing
several runs, it was found that the initial fithess values for various runs are very
broad (in the 5-600 range), while the final fitness values are very narrow (in the 4-10
range). We can see that the numerical results from RUN1 and RUN2 are
comparatively very close together, although their parameter values (see Table 1) are

not the same. From the parameter values, it is seen that the ratios L": k3 in RUN3
and RUN4 are much greater than those of RUN1 and RUN2. This indicates that the
parameters corresponding to RUNS3 are less favorable on R,. The ratios L™: L* in
RUNZ1, RUN2, RUN3 and RUN4 are 183.04, 121.7, 2.54 and 0.936, respectively. In

an approximate sense, the L™ : L* ratio may be well correlated with the Rp : R

ratio. Since our solving approach does absorb parameter k,, it is impossible to
provide any information regarding R and Rp. In our view, these receptors are
parameters which could be feasible to measure experimentally.

These findings may suggest useful input information to experimentalists. It
should be mentioned that, in chemical reaction kinetics, chemical binding is at least a
two-step process that includes the transporting of reagents, receptors, and ligands,
and biochemical reactions or binding interactions. Therefore, all rate constants being
used here are a combination rate of both transport and reaction events. Note,
however, that the system under investigation does not guarantee that the inverse
problem has one unique solution. We can only say that the obtained solutions (e.g.,
the parameter values from RUN1-RUN4) are good solutions, because they give good
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predictions of the activated G-protein concentrations that are close to the
experimental data. However, their correctness must be confirmed by comparing
them with the experimental values, since these predictions might not be the true
solution. As can be seen in Figure 5, although these solutions give quite similar G-
protein concentrations, they all predict quite different amounts of activated ligand

bound receptors, Rj. So, if we experimentally know the amount of R for different

receptor or G-protein states, then this will provide important evidence to justify
which parameter set may be the most suitable or practicable one.

By using the linear stability analysis, we also find the analytical solutions of our
model. As a demonstration propose, we then use the parameters values from RUN1

to plot the analytical solutions of R, Ry and G*, Figure 6(a) shows the comparison
between the analytical solutions and numerical solutions. The numerical solutions
are found by numerically solving the model without any approximation. We can see
that when these analytical and its corresponding numerical solutions are close to the
steady state, the solutions converge to the same values. In fact, these R, R and G*
concentrations are close together before going to a steady state. By comparing the

analytical and numerical solutions of G*, it was found that G* corresponding to the
quasi-steady state solution reasonably reaches steady state solution much more
rapidly than those corresponding analytical and numerical solutions. It is evidently
shown in Figure 6(b) which is plotted by using the parameters values in RUN1.

6. Conclusions

In this work, we proposed a simple mathematical model to explain the
experimental results of interest. The lack of measurable kinetic interaction rates in
reliable in vivo and in vitro experiments is currently the major limitation of signaling
pathway models. Thus, we used a constrained genetic algorithm to estimate sets of
unknown parameters. Although our proposed model is relatively simple compared to
the models proposed by other works [13, 14], it was able to predict the dose-
response curve observed by the authors in [15].
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Figure 1. Schematic representation of G-protein activation.
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Figure 2. Model structure of receptor-ligand binding and G-protein activation.
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Figure 3. Comparison of the normalized activated G-protein concentrations at
various agonist concentrations. The numerical results (RUN1-RUN4) were
obtained by using the parameter values in RUN1, RUN2, RUN3, RUN4 and
equations (28), (29) and (33). The blue line represents the experimental results
from [15].
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Figure 4. Time evolution of the fitness value for three representative runs.
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Figure 5. Steady state values of R, Ry and G* as a function of agonist

concentration (in log scale). These steady state values were obtained by using
parameter values from RUN1 (a), RUN3 (b) and RUN4 (c). It can be seen that
although the parameter values from RUN1, RUN2 and RUN3 give a similar
prediction of G, they all give a different prediction of Rj. Note that the result

for the parameter values in RUN2 is very similar to that for RUNL1 and is not
shown here.
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Figure 6. (a) Comparison between analytical and numerical solutions of R, R and

G”, (b) Comparison of the G-protein concentrations.

Table 1. The parameter values for concentrations and response curves obtained
by using genetic algorithm. Four independent runs were performed to obtain the

4 sets of parameter values

Values
Parameter
RUN1 RUN2 RUN3 RUN4
k; 0.212 0.233 0.100 0.278
Lt 1.630 4.050 983.314 2068.838
L= 298.352 492.890 2500 1937.134
K g 2336.088 1969.798 2500 929.988
Kqg 0.854 1.179 23.384 70.109
Fitness value 4.099 4,139 6.293 9.114




